Motivated by recent experiments we consider transport across an interacting magnetic impurity coupled to the Majorana zero mode (MZM) observed at the boundary of a topological superconductor (SC). In the presence of a finite tunneling amplitude we observe hybridization of the MZM with the quantum dot, which is manifested by a half-integer zero-bias conductance G0 = e 2 /2h measured on the metallic contacts. The low-energy feature in the conductance drops abruptly by crossing the transition line from the topological to the non-topological superconducting regime. Differently from the in-gap Yu-Shiba-Rosinov-like bound states, which are strongly affected by the on-site impurity Coulomb repulsion, we show that the MZM signature in the conductance is robust and persists even at large values of the interaction. Interestingly, the topological regime is characterized by a vanishing Fano factor, F = 0, induced by the MZM. Combined measurements of the conductance and the shot noise in the experimental set-up presented in Fig. 1 allow to detect the topological properties of the superconducting wire and to distinguish the low-energy contribution of a MZM from other possible sources of zero-bias anomaly. Despite being interacting the model is exactly solvable, which allows to have an exact characterization of the charge transport properties of the junction.
Introduction. After the seminal paper by Kitaev Ref. [1] that predicted the existence of electronic collective modes reminiscent of the Majorana fermions speculated in 1937 by Ettore Majorana [2] , quasi onedimensional systems, hosting two or more Majorana zero modes (MZMs), have attracted both experimental [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and theoretical [13] [14] [15] [16] interest. Intrigued by exciting prospects in fault-tolerant quantum computation [17] [18] [19] , existing theoretical studies focused on zero-bias and current measurement across a junction of metallic leads and topological superconductors (SCs) [20] [21] [22] [23] [24] [25] [26] , shot noise measurement [27, 28] , interferometer measurement [29] , persistent current in hybrid normalsuperconducting rings [30] [31] [32] [33] and topological realization of the Kondo effect [34] [35] [36] .
Recently, a new direction has emerged which explores the interplay between pure Majorana physics and electronic correlations [37] [38] [39] [40] .
In this letter we fully characterize the electronic transport through a novel class of experimentally realizable systems [6, 8] which have recently attracted great interest for their easily realization and control. The MZM, emerging at the endpoint of a one dimensional semiinfinite wire with strong spin-orbit interaction (i.e. InAs wire) deposited on top of a s-wave SC and exposed to an external magnetic field, is coupled to an interacting magnetic impurity that can be used as a spectrometer. By coupling the dot to two metallic fully-polarized contacts we can probe the properties of the MZM though measurement of the current and the shot noise across the junction.
Model Hamiltonian. To model the junction displayed in Fig. 1 we consider the Hamiltonian
where Figure 1 . Sketch of a quantum dot coupled to two fullypolarized metallic leads and a semi-infinite topological p-wave SC hosting a MZM at its edge.
is the dot Hamiltonian, with n In (2) U denotes the on-site interaction, µ the gate potential and h the Zeeman field applied on the dot level. The Hamiltonian of the semi-infinite Kitaev chain reads
[(−tc magnetic fields, and if we assume fully-polarized ferromagnetic contacts. In this regime the magnetic exchange between the impurity spin and the leads is suppressed and the low-energy physics is dominated by the coupling with the MZM [41] [42] [43] [44] [45] . The tunneling between the dot and the metallic contacts reads:
where V c is the tunneling amplitude and α = L, R. Finally, we consider the hybridization with the boundary site of the semi-infinite Kitaev chain:
where the sum extends to the semi-infinite Kitaev chain and we have introduced the Majorana operators γ = c + c † and ξ = −i(c − c † ). The simple model in Eq. (5) allows to study exactly the effect of correlations on the non-local Majorana edge state tunnel-coupled to an interacting quantum dot.
The interacting model is exactly solvable because the d ↓ electrons are localized and n d ↓ can be treated as a Z 2 real number (= 0, 1). This property makes the Hamiltonian (1) an effective quadratic model, where similarly to the Falicov-Kimball model (FKM) [46] the ↓ configuration is obtained by minimizing the ground-state energy of the ↑ degrees of freedom.
In the absence of metallic contacts, V c = 0, the equilibrium properties of the model in Eq. (1) has been already studied in Ref. [47] . It is convenient to perform the following gauge transformation:
in terms of γ η ↑ and ξ η ↑ fermions the Hamiltonian (1) becomes [48] :
To avoid irrelevant complications we consider the case µ = h = 0. Introducing the Dirac (complex) fermion
the model Hamiltonian reads
where in the Nambu representation ψ = (ψ, ψ † ) T ,V j is the hybridization matrix between the dot and the j-th site of the Kitaev chain:
andV c couples the metallic contacts to the dot
To characterize the transport properties of the junction we compute the charge current,
, that in the new representation (6) reads:
where sign(L) = +1 and sign(R) = −1, and the zero frequency limit of the J Q fluctuations
where δJ Q = J Q − J Q . In the following we study transport through the junction by performing calculations with Keldysh Green's function technique [49, 50] , which we compare with the scattering matrix approach [51] [52] [53] .
Probing MZMs with charge conductance and shot noise. Experimental measurements of charge conductance at the boundary of topological materials reveal the emergence of low-energy MZMs [3, [5] [6] [7] [8] [9] [10] and provide an experimental tool to detect topological transitions by studying surface states via STM [54] [55] [56] [57] [58] .
In this letter we present a detailed characterization of the low-energy signatures observed in the charge conductance and shot noise measurements that allows to classify different regions of the Kitaev chain phase diagram. Despite being done on a toy model, the analysis may give physical insight for the understanding of the ongoing experiments where the effect of local on-site interaction cannot be neglected. We start by reporting the expression of the current flowing through the metallic contacts:
, Tr is the trace in the 2 × 2 Nambu space,T R/A ( ) is the impurity transfer matrix
andρ( ) is the boundary density of states for the semiinfinite normal contacts (we refer to the supplemental material for more details [59] ). The resulting value of the current is obtained by averaging over the spin ↓ configurations:
where in the absence of any gate potential or Zeeman field on the quantum dot p(0) = p(1) = 1/2. In the topological regime, the low-energy physics is governed by the in-gap states that emerge from the hybridization between the real and imaginary part of the spin up dot fermion and the MZM of the Kitaev chain. The coupling between γ enough, wash them out from the superconducting gap. Whereas, the third one is a topologically protected, and robust to the interaction, zero energy mode. In the trivial regime, we have an even number of MZMs, then no zero energy mode is preserved as any finite interaction induces a hybridization ∼ U between them.
These features can by easily detected resorting to the scattering matrix approach of Ref. [52, 53] that allows to interpret the transport properties of the system in terms of the scattering processes across the junction (a detailed description is given in the supplementary material [59] ). In the trivial regime (left panel of Fig. 2 ), the presence of massive in-gap modes suppresses low-energy scattering processes so that the L and R contacts are disconnected in the large U/V c limit. On the contrary, in the topological regime (right panel of Fig. 2 ), the presence of the MZM keeps alive all the scattering processes at low-energy. The normal transmission (T), the Andreev reflection (A) and the crossed Andreev reflection (C) are equal to one fourth at any value of U and V . As a consequence, the charge current, J Q , that measures the charge imbalance between left and right lead, is ∝ A + T ∼ 1/2 and the zero-bias conductance is reduced from e 2 /h to e 2 /2h, as already observed in previous studies [43, [60] [61] [62] [63] . Interestingly, the on-site local repulsion does not modify the result e 2 /2h while it affects the curvature of the low-bias conductance by renormalizing the MZM:
where
c is the hybridization with the metal- lic contacts,ρ(ω) the boundary metallic density of states and Z the quasiparticle renormalization factor. The latter quantity is shown in the color map 3, where we analyze the evolution of Z in different regions of the phase diagram of the Kitaev chain. We stress that Eq. (16) is valid in the topological regime |µ| < 2t where the SC posses a non-trivial topology and a MZM appears at the edge of the semi-infinite Kitaev chain. Differently, in the region |µ| > 2t, the MZM disappears and we enter in the Coulomb blockade regime where the zero-bias conductance is suppressed. The topological transition is associated to a drastic variation of the conductance G(φ). Indeed, as shown in Fig. 4 , by crossing the critical line, µ = 2t, we observe a jump from G 0 = e 2 /2h in the topological region to G 0 0 in the trivial one, which allows to distinguish the two different phases. Moreover, we notice that in the non-topological region, for µ/t 2.5, the conductance presents coherent in-gap peaks attributable to Andreev bound states induced by the impurity, reminiscent of YuShiba-Rosinov states [64] [65] [66] . The effect of the interaction on the G(φ) is shown in Fig. 5 , where we report the evolution of the low-energy MZM and of the Yu-ShibaRosinov-like bound states as a function of U/t. Being non-topological, the latter features are strongly affected by the interaction, and indeed, as shown in Fig. 5 , above a certain value of U/t they enter in the continuum of Cooper-pairs excitations of the SC. On the other hand, the contribution to the zero-bias conductance G 0 of the MZM is robust and persist for any value of U/t. The interaction renormalizes the coupling (5) V → V √ Z between the dot and the MZM by the quasiparticle renor- malization factor Z, displayed in Fig. 3 , and enhances the curvature of the conductance close to the zero-bias anomaly (16) .
In order to have a complete characterization of the junction we compute the shot noise S Q that at zero temperature reads:
for more details we refer the interested reader to the supplementary material [59] . Analogously to the previous case, we perform the average over ↓ configurations
A complete characterization of the low-energy transport properties is given in Fig. 6 , where we plot the current J Q , the corresponding charge-conductance G(φ) and its fluctuations S Q (φ) as a function of the applied bias. We notice that dependently on the region of the Kitaev phase diagram 3 we predict different low-energy response.
In particular behavior (I) and (II) denote the presence of a MZM, while (III) and (IV) characterize the nontopological regime. Differently from (I) and (IV), regions (II) and (III) present additional in-gap bound states distinguished by sharp peaks in G(φ) away from the zerobias anomaly.
We observe that an additional signature of the MZM is given by the low-bias behavior of the shot noise S Q (φ), which is shown in the bottom panel of Fig. 6 . Indeed, in the topological regime, for small bias, the shot noise goes like:
while it becomes linear in the non-topological region, S Q ∝ φ for |µ| > 2t. The evaluation of the shot noise allows to compute the Fano factor
which determines the charge of the elementary carriers [67] . In Eq. (20) we have introduced the backscattering current, defined as the deviation from the unitary transmission through the junction [68] :
As a consequence of the small bias behavior of Eqs. (16) and (19) , the topological regime |µ| < 2t is characterized by a vanishing Fano factor F = 0, independently from the value of the interaction U/t, as shown in the bottom panel of Fig. 7 . On the other hand, in the nontopological region F is a function of U/t which becomes equal to 1 in the non-interacting limit U/t → 0. In particular for |µ| > 2t we find:
Therefore, experimental measurements of the shot noise give additional informations complementary to those attainable by studying the characteristic zero-bias conductance e 2 /2h. Combined measurements of the conductance and the shot noise in the experimental set-up presented in Fig. 1 allow to detect the topological properties of the superconducting wire and to distinguish the low-energy contribution of a MZM from other possible sources of zero-bias anomaly. We argue that the predicted behavior of the conductance and the shot noise persists even for a more realistic model Hamiltonian, that presents a non-vanishing tunnel-coupling with the spin ↓ fermionic operator in the quantum dot [43] [44] [45] 69] . However, a detailed analysis of this problem is left to future investigations.
Conclusions. The present results show that transport measurements give a detailed characterization of the topological phase diagram of real materials and reveal MZM in nano-wires. The presence of a MZM is outlined by a fractional zero-bias conductance e 2 /2h that, we have shown, is robust against the dot interaction. Additionally, for small values of the on-site repulsion, we find in-gap bound states that represent the only low-energy feature in the topologically trivial region of the phase diagram in Fig. 3 . Furthermore, we find that the topological regime is characterized by a vanishing Fano factor induced by the tunnel-coupling with the MZM at the edge of the superconducting wire. Our analysis gives a complete characterization of charge transport measurements that can experimentally detect the presence of MZM on the edge of real materials and, indirectly, allows to reconstruct their topological phase diagram.
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I. CHARGE TRANSPORT WITHIN NAMBU-KELDYSH FORMALISM
The model Hamiltonian we use to describe a magnetic impurity coupled to two metallic contacts and a p-wave superconductor reads:
where in the Nambu representation ψ = (ψ, ψ † ) T ,V is the hybridization matrix between the dot and the 1st site of the Kitaev chain:V = iV 1 1 1 1
andV c couples the metallic contacts to the dot Green's functions of the junction x, x infinite chain lead αĜ xx αα x, x semi-infinite chain lead αĜ xx αα
x, x semi-infinite chain hybridized with the impurity site leads α, βĜ xx αβ bare η ↑Ĝη ↑ dressed η ↑Ĝη ↑ mixing between the impurity and the leads η ↑ − 1α and 1α − η ↑Ĝ1αη ↑ ,Ĝη ↑ 1α arXiv:1907.06444v1 [cond-mat.mes-hall] 15 Jul 2019
where T C is the contour ordering and s, s = ±, where − and + are the forward and backward branches of the Keldysh contour, respectively. Notice well, in the following we refer to the lesser Green's function as G < (t, t ) = G(t − , t + ) and the greater one as G > (t, t ) = G(t + , t − ). The hybridization between the dot and the leads introduces several boundary Green's functions that are summarized in the table I. We remind that Green's functions are 4 × 4 matrices in the Nambu-Keldysh space.
By performing perturbation theory in the tunnel-coupling between the leads and the impurity we obtain the following Dyson's equationĜ
where • is the convolution
andΣ
withĜ 11αα boundary Green's function of the metallic lead α andĜ 11 boundary Green's function of the superconductive chain, we refer to section I C for more details. After straightforward calculations we find that:
where a refers to one of the three leads connected to the impurity. Finally, the hybridization with the dot induces a direct coupling between different leads:Ĝ
where the indices a, b refer to the metallic leads as well as the Kitaev chain and we have introduced the transfer matrix:
In particular transport across the metallic contacts involvesT =T η ↑ does not depend on α and β.
A. Charge current
The current operator for the metallic lead α = L, R is:
After straightforward calculations:
The charge current, J Q = (J L − J R )/2, across the junction reads
where sign(L) = +1 and sign(R) = −1. We notice that L and R leads are characterized by the same hybridization matrixV c as well as the same spectral properties. Therefore, the first contribution to the current in Eq. (13) vanishes and:
whereĜ
and ρ(ω) is the boundary spectral function of the metallic leads (49) . By rescaling for −2πe 2 /h we obtain
Moreover, we notice thatT
and (53), (54) and (46) . The value of the current is obtained by averaging Eq. (16) over the spin ↓ configurations:
where in the absence of any gate potential or Zeeman field on the quantum dot p(0) = p(1) = 1/2.
B. Shot noise
The correlation function between currents J α and J β reads:
where T C is the time-ordering operator on the Keldysh contour, δJ α = J α − J α . In the following we evaluate the T C ordered S αβ , where usual perturbation theory can be applied, and then we take the lesser and greater components to compute S Q (t, t ). After straightforward calculations we arrive at the following expression:
We are interested in average values of the form
where:
and
In the steady-state regime we define the zero frequency limit of the current-current response spectrum as:
We notice that
By using Eqs. (5), (8) and (9) we obtain:
(30) By using Eqs. (47) and (48) we obtain
Finally, the expression of the white-noise component of J Q fluctuations reads:
Since we are interested in quantum-fluctuations we take the zero-temperature limit:
where 2πe 3 /h is the rescaling factor, ρ(ω) is the boundary DOS of the metallic chain (49) andT
is given in Eqs. (17) and (18) . The shot noise is obtained by averaging over the spin ↓
where p(0) = p(1) = 1/2 at half-filling.
C. Boundary Green's functions of the leads
In this Appendix, we provide a derivation of the retarded/advanced and lesser/greater Green's function used in the manuscript, which describes quasiparticle excitations at the boundary of the semi-infinite leads [2] [3] [4] .
a. Metallic leads. In the Nambu formalism the α = L, R k-space Hamiltonian is:
where ξ α k = k − µ α , and k = −2t cos k. In the following we will firstly compute the retarded (R) and advanced (A) boundary Green's function and then the lesser (<) and greater (>) ones. To this aim we remind that the Green's function of a metallic chain with periodic boundary conditions reads:
where 1 is the identity and σ z the third Pauli matrix, as usual the effect of the electrochemical potential µ α enters in statistical averages and does not influence the spectral properties of the metallic contacts.
TheĜ xx αα Green's function is:
where we have performed the change of variable z = − cos k. In order to compute the boundary Green's function of the semi-infinite metallic chain we need the local Green's functionĜ xxαα :
and the nearest-neighbor onesĜ
Moreover, we have:
where ρ(ω) is the 1-D density of states
The boundary Green's function of a semi-infinite metallic chain located at x > 0 can be obtained from the "bulk" Green's function for the translationally invariant model (36) by adding a local impurity of strength λ at site x = 0, which results in the perturbation:
By performing perturbation theory in (43) we obtain the following Dyson's equations for the boundary Green's functions:Ĝ
where for simplicity we drop the index α. In the limit λ → ∞, i.e., when one effectively cuts the wire into two semi-infinite pieces, Eq. (44) yields for the boundary Green's functions. Thus, by taking the lesser component of Eq.
(44) and then the λ → ∞ limitĜ < xx reads:
For what concern the R/A components of the Dyson's equation we have:
Finally, by using Eqs. (39) (40) and (41) we obtain:
where R and A are obtained by z → ω ± i0 + , and
with
b. Kitaev chain. Analogously to the previous case the starting point is a Kitaev chain with PBC, that in the k-space is described by the Hamiltonian:
and ξ k = −2t cos k − µ, ∆ k = 2∆ sin k. As a function of the complex variable z the Green's function reads:
where, in comparison with Hamiltonian H * in Eq. (1), we introduce an additional Majorana mode ξ coupled to the impurity with hybridizationṼ .
The Hamiltonian can be exactly solved looking for the solutions of the secular equation:
Through the ansatz
the Bogoliubov-de Gennes (BdG) equations take the form
within the bulk of the metallic leads, that is for j > 1. At the boundary BdG equations are
for the endpoints of the leads,
for the dot, and
for the two Majorana fermions. The solutions of the BdG equation inside the bulk take the form
that inserted into Eq.(60) gives the secular equation
and the dispersion relation
The latter equation admits four kind of waves (incoming particle in-p, outgoing particle out-p, incoming hole in-h, outgoing hole out-h), such that the most general eigenfunction with energy E is given by
The actual energy eigenstates are determined imposing the boundary BdG equation. Scattering through the quantum dot junction is fully encoded in the single-particle scattering matrix, S, that relates the outgoing waves, 
Inserting Eq. (69) into Eq.(61), we finally arrive to
where we have definedM 
We have thenĀ
The scattering matrix is an unitary matrix that encodes all the possible single-particle processes at the junction with E the energy of the incoming particle/hole from the leads. Consistently with the notation above, we havê
where r µ,µ α,α (E) denotes the reflection amplitude of a particle or of an hole, t µ,µ α,ᾱ (E) is the trasmission amplitude between the leads, a µ,μ α,α (E) corresponds to the Andreev reflection, that is the conversion of a particle (hole) into an hole (particle) within the same lead, finally c µ,μ α,ᾱ (E) is the crossed Andreev reflection amplitude, that is the conversion of a particle (hole) in one lead to an hole (particle) in the other lead. The scattering matrix allows us to introduce the four kind of eigenstates that define the scattering states basis. We have: 
with A δ appropriate normalization constants. In the following, to simplify the notation, we will assume particlehole symmetry, S µ,λ α,β (E) = S λ,µ α,β (−E) * , and assume the junction to be symmetric respect the lead exchange, S µ,λ α,β (E) = S µ,λ β,α (E). Because of these symmetries, we have only four relevant scattering coefficients, |S i,j | 2 , that fully describe the physics at the junction. We refer to them as R (E), normal reflection, T (E), normal transmission, A (E), Andreev reflection and C (E), crossed Andreev reflection. It is important to highlight that the normal transmission and the Andreev reflection are the only processes that creates an imbalance in the relative number of particles within the two metallic contacts. Whereas Andreev reflection and crossed Andreev reflection do not preserve the total number of particle in the metallic lead subsystem, as shown in Eq.(81)
In Fig.(2) we report the scattering coefficients in presence of zero, one and two Majorana fermions. In the absence of Majorana fermions and for U = 0, the junction is trasparent, in the zero energy limit, due the resonance with the zero energy quantum dot states. However, for any finite U , the resonance is suppressed by the interaction that removes low energy states in the quantum dot. On the other hand, in the presence of a MZM we observe a zero bias trasmission and Andreev peaks that persist even for large values of U . Finally, in the presence of two Majorana, no zero energy state survives due to the hybridization between the Kitaev chains and the quantum dot. The robust topological peak in the scattering matrix coefficients is then expected to be an interesting signature of the presence of a MZM. In the following we will relate these features to physically measurable quantities like the current and the shot noise.
To spell out the relation between the scattering matrix amplitudes and the current, it us useful to express the fermionic creation and annihilation operators in real space as a function of the system eigenvectors c αj = E>0 δ u δ,E α;j * Γ δ,E + v δ,E α;j *
